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1. Introduction
The Weinstein operator ∆dW,α defined on R
d+1
+ = R
d × (0,∞), by
∆dW,α =
d+1∑
j=1
∂2
∂x2j
+
2α+ 1
xd+1
∂
∂xd+1
= ∆d + Lα, α > −1/2,
where ∆d is the Laplacian operator for the d first variables and Lα is the
Bessel operator for the last variable defined on (0,∞) by
Lαu =
∂2u
∂x2d+1
+
2α+ 1
xd+1
∂u
∂xd+1
.
The Weinstein operator ∆dW,α has several applications in pure and ap-
plied mathematics, especially in fluid mechanics [4].
The Weinstein transform generalizing the usual Fourier transform, is
given for ϕ ∈ L1α(Rd+1+ ) and λ ∈ Rd+1+ , by
FW,α(ϕ)(λ) =
∫
R
d+1
+
ϕ(x)Λdα(x, λ)dµα(x),
where dµα(x) is the measure on R
d+1
+ = R
d× (0,∞) and Λdα is the Weinstein
kernel given respectively later by (2.1) and (2.4).
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Let m be a function in L2α(R
d+1
+ ) and let σ be a positive real number.
The Weinstein L2-multiplier operators is defined for smooth functions ϕ on
R
d+1
+ , in [14] as
Tw,m,σϕ(x) := F−1W,α (mσFW,α(ϕ)) (x), x ∈ Rd+1+ , (1.1)
where the function mσ is given by
mσ(x) = m(σx).
These operators are a generalization of the multiplier operators Tm associated
with a bounded function m and given by Tm(ϕ) = F−1(mF(ϕ)), where F(ϕ)
denotes the ordinary Fourier transform on Rn. These operators gained the
interest of several Mathematicians and they were generalized in many settings
in [1, 3, 6, 13, 14, 16, 17, 18].
In this work we are interested the L2 uncertainty principles for the
Weinstein multiplier operators. The uncertainty principles play an important
role in harmonic analysis. These principles state that a function ϕ and its
Fourier transform F(ϕ) cannot be simultaneously sharply localized. Many
aspects of such principles are studied for several Fourier transforms.
Many uncertainty principles have already been proved for the Weinstein
transform FW,α, namely by N. Ben Salem, A. R. Nasr [2] and Mejjaoli H.
and Salhi M. [9]. The authors have established in [9] the Heisenberg-Pauli-
Weyl inequality for the Weinstein transform, by showing that, for every ϕ in
L2α(R
d+1
+ )
‖ϕ‖α,2 ≤ 2
2α+ d+ 2
‖|x|ϕ‖α,2‖|y|FW,α(ϕ)‖α,2. (1.2)
In the present paper we are interested in proving an analogue of Heisenberg-
Pauli-Weyl uncertainty principle For the operators Tw,m,σ. More precisely, we
will show, for ϕ ∈ L2α(Rd+1+ )
‖ϕ‖α,2 ≤ 2‖|y|FW,α(ϕ)‖α,2
2α+ d+ 2
(∫
R
d+1
+
∫ ∞
0
|x|2|Tw,m,σϕ(x)|2α,2
dσ
σ
dµα(x)
) 1
2
,
provided m be a function in L2α(R
d+1
+ ) satisfying the admissibility condition∫ ∞
0
|mσ(x)|dσ
σ
= 1, a.e. x ∈ Rd+1+ . (1.3)
Moreover, for β, δ ∈ [1,∞) and ε ∈ R, such that βε = (1− ε)δ, we will show
‖ϕ‖α,2 ≤
(
2
2α+ d+ 2
)βε ∥∥|x|βTw,m,σϕ∥∥εα,2 ∥∥|y|δFW,α(ϕ)∥∥1−εα,2 .
Using the techniques of Donoho and Stark [5], we show uncertainty prin-
ciple of concentration type for the L2 theory. Let ϕ be a function in L2α(R
d+1
+ )
and m ∈ L1α(Rd+1+ )∩L2α(Rd+1+ ) satisfying the admissibility condition (1.3). If
ϕ is ǫ-concentrated on Ω and Tw,m,σϕ is ν-concentrated on Σ, then
‖m‖α,1 (µα(Ω))
1
2
(∫ ∫
Σ
1
σ2(2α+d+2)
dΘα(σ, x)
) 1
2
≥ 1− (ǫ + ν),
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where Θα is the measure on (0,∞)×Rd+1+ given by dΘα(σ, x) := (dσ/σ)dαµ(x).
This paper is organized as follows. In section 2, we recall some basic
harmonic analysis results related with the Weinstein operator ∆dW,α and we
introduce preliminary facts that will be used later.
In section 3, we establish Heisenberg-Pauli-Weyl uncertainty principle
For the operators Tw,m,σ.
The last section of this paper is devoted to Donoho-Stark’s uncertainty
principle for the Weinstein L2-multiplier operators.
2. Harmonic analysis Associated with the Weinstein Operator
In this section, we shall collect some results and definitions from the theory
of the harmonic analysis associated with the Weinstein operator ∆dW,α. Main
references are [10, 11, 12].
In the following we denote by
• Rd+1+ = Rd × (0,∞).
• x = (x1, ..., xd, xd+1) = (x′, xd+1).
• −x = (−x′, xd+1).
• C∗(Rd+1), the space of continuous functions on Rd+1, even with respect
to the last variable.
• S∗(Rd+1), the space of the C∞ functions, even with respect to the last
variable, and rapidly decreasing together with their derivatives.
• Lpα(Rd+1+ ), 1 ≤ p ≤ ∞, the space of measurable functions f on Rd+1+
such that
‖f‖α,p =
(∫
R
d+1
+
|f(x)|p dµα(x)
)1/p
<∞, p ∈ [1,∞),
‖f‖α,∞ = ess sup
x∈Rd+1
+
|f(x)| <∞,
where
dµα(x) =
x2α+1d+1
(2π)d22αΓ2(α+ 1)
dx. (2.1)
• Aα(Rd+1) =
{
ϕ ∈ L1α(Rd+1+ ); FW,αϕ ∈ L1α(Rd+1+ )
}
the Wiener algebra
space.
We consider the Weinstein operator ∆dW,α defined on R
d+1
+ by
∆dW,α =
d+1∑
j=1
∂2
∂x2j
+
2α+ 1
xd+1
∂
∂xd+1
= ∆d + Lα, α > −1/2, (2.2)
where ∆d is the Laplacian operator for the d first variables and Lα is the
Bessel operator for the last variable defined on (0,∞) by
Lαu =
∂2u
∂x2d+1
+
2α+ 1
xd+1
∂u
∂xd+1
.
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The Weinstein operator ∆dW,α have remarkable applications in diffrerent
branches of mathematics. For instance, they play a role in Fluid Mechanics
[4].
2.1. The eigenfunction of the Weinstein operator
For all λ = (λ1, ..., λd+1) ∈ Cd+1, the system
∂2u
∂x2j
(x) = −λ2ju(x), if 1 ≤ j ≤ d
Lαu(x) = −λ2d+1u(x),
u(0) = 1,
∂u
∂xd+1
(0) = 0,
∂u
∂xj
(0) = −iλj, if 1 ≤ j ≤ d
(2.3)
has a unique solution denoted by Λdα(λ, .), and given by
Λdα(λ, x) = e
−i<x′,λ′>jα(xd+1λd+1) (2.4)
where x = (x′, xd+1), λ = (λ
′, λd+1) and jα is is the normalized Bessel
function of index α defined by
jα(x) = Γ(α+ 1)
∞∑
k=0
(−1)kx2k
2kk!Γ(α+ k + 1)
.
The function (λ, x) 7→ Λdα(λ, x) has a unique extension to Cd+1 × Cd+1, and
satisfied the following properties.
Proposition 2.1. i). For all (λ, x) ∈ Cd+1 × Cd+1 we have
Λdα(λ, x) = Λ
d
α(x, λ). (2.5)
ii). For all (λ, x) ∈ Cd+1 × Cd+1 we have
Λdα(λ,−x) = Λdα(−λ, x). (2.6)
iii). For all (λ, x) ∈ Cd+1 × Cd+1 we get
Λdα(λ, 0) = 1. (2.7)
vi). For all ν ∈ Nd+1, x ∈ Rd+1 and λ ∈ Cd+1 we have
∣∣DνλΛdα(λ, x)∣∣ ≤ ‖x‖|ν| e‖x‖‖ℑλ‖ (2.8)
where Dνλ = ∂
ν/(∂λν11 ...∂λ
νd+1
d+1 ) and |ν| = ν1 + ... + νd+1. In particular, for
all (λ, x) ∈ Rd+1 × Rd+1, we have∣∣Λdα(λ, x)∣∣ ≤ 1. (2.9)
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2.2. The Weinstein transform
Definition 2.2. The Weinstein transform is given for ϕ ∈ L1α(Rd+1+ ) by
FW,α(ϕ)(λ) =
∫
R
d+1
+
ϕ(x)Λdα(λ, x)dµα(x), λ ∈ Rd+1+ , (2.10)
where µα is the measure on R
d+1
+ given by the relation (2.1).
Some basic properties of this transform are as follows. For the proofs,
we refer [11, 12].
Proposition 2.3. 1. For all ϕ ∈ L1α(Rd+1+ ), the function FW,α(ϕ) is contin-
uous on Rd+1+ and we have
‖FW,αϕ‖α,∞ ≤ ‖ϕ‖α,1 . (2.11)
2. The Weinstein transform is a topological isomorphism from S∗(Rd+1+ )
onto itself. The inverse transform is given by
F−1W,αϕ(λ) = FW,αϕ(−λ), for all λ ∈ Rd+1+ . (2.12)
3. Parseval formula: For all ϕ, φ ∈ S∗(Rd+1+ ), we have∫
R
d+1
+
ϕ(x)φ(x)dµα(x) =
∫
R
d+1
+
FW,α(ϕ)(x)FW,α(φ)(x)dµα(x). (2.13)
4. Plancherel formula: For all ϕ ∈ S∗(Rd+1+ ), we have
‖FW,αϕ‖α,2 = ‖ϕ‖α,2 . (2.14)
5. Plancherel Theorem: The Weinstein transform FW,α extends uniquely
to an isometric isomorphism on L2α(R
d+1
+ ).
6. Inversion formula: Let ϕ ∈ L1α(Rd+1+ ) such that FW,αϕ ∈ L1α(Rd+1+ ),
then we have
ϕ(λ) =
∫
R
d+1
+
FW,αϕ(x)Λdα(−λ, x)dµα(x), a.e. λ ∈ Rd+1+ . (2.15)
2.3. The translation operator associated with the Weinstein operator
Definition 2.4. The translation operator ταx , x ∈ Rd+1+ associated with the
Weinstein operator ∆dW,α, is defined for a continuous function ϕ on R
d+1
+
which is even with respect to the last variable and for all y ∈ Rd+1+ by
ταx ϕ(y) = Cα
∫ pi
0
ϕ
(
x′ + y′,
√
x2d+1 + y
2
d+1 + 2xd+1yd+1 cos θ
)
(sin θ)
2α
dθ,
with
Cα =
Γ(α+ 1)√
πΓ(α+ 1/2)
.
By using the Weinstein kernel, we can also define a generalized transla-
tion, for a function ϕ ∈ S∗(Rd+1) and y ∈ Rd+1+ the generalized translation
ταx ϕ is defined by the following relation
FW,α(ταx ϕ)(y) = Λdα(x, y)FW,α(ϕ)(y). (2.16)
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The following proposition summarizes some properties of the Weinstein
translation operator.
Proposition 2.5. The translation operator ταx , x ∈ Rd+1+ satisfies the following
properties.
i). For ϕ ∈ C∗(Rd+1), we have for all x, y ∈ Rd+1+
ταx ϕ(y) = τ
α
y ϕ(x) and τ
α
0 ϕ = ϕ.
ii). Let ϕ ∈ Lpα(Rd+1+ ), 1 ≤ p ≤ ∞ and x ∈ Rd+1+ . Then ταx ϕ belongs to
Lpα(R
d+1
+ ) and we have
‖ταx ϕ‖α,p ≤ ‖ϕ‖α,p . (2.17)
Note that the Aα(Rd+1+ ) is contained in the intersection of L1α(Rd+1+ )
and L∞α (R
d+1
+ ) and hence is a subspace of L
2
α(R
d+1
+ ). For ϕ ∈ Aα(Rd+1+ ) we
have
ταx ϕ(y) = Cα,d
∫
R
d+1
+
Λdα(x, z)Λ
d
α(−y, z)FW,αϕ(z)dµα(z). (2.18)
By using the generalized translation, we define the generalized convolu-
tion product ϕ ∗W ψ of the functions ϕ, ψ ∈ L1α(Rd+1+ ) as follows
ϕ ∗W ψ(x) =
∫
R
d+1
+
ταx ϕ(−y)ψ(y)dµα(y). (2.19)
This convolution is commutative and associative, and it satisfies the following
properties.
Proposition 2.6. i) For all ϕ, ψ ∈ L1α(Rd+1+ ), (resp. ϕ, ψ ∈ S∗(Rd+1+ )), then
ϕ ∗W ψ ∈ L1α(Rd+1+ ), (resp. ϕ ∗W ψ ∈ S∗(Rd+1+ )) and we have
FW,α(ϕ ∗W ψ) = FW,α(ϕ)FW,α(ψ). (2.20)
ii) Let p, q, r ∈ [1,∞], such that 1p + 1q − 1r = 1. Then for all ϕ ∈ Lpα(Rd+1+ )
and ψ ∈ Lqα(Rd+1+ ) the function ϕ ∗W ψ belongs to Lrα(Rd+1+ ) and we have
‖ϕ ∗W ψ‖α,r ≤ ‖ϕ‖α,p ‖ψ‖α,q . (2.21)
iii) Let ϕ, ψ ∈ L2α(Rd+1+ ). Then
ϕ ∗W ψ = F−1W,α (FW,α(ϕ)FW,α(ψ)) . (2.22)
iv) Let ϕ, ψ ∈ L2α(Rd+1+ ). Then ϕ ∗W ψ belongs to L2α(Rd+1+ ) if and only if
FW,α(ϕ)FW,α(ψ) belongs to L2α(Rd+1+ ) and we have
FW,α(ϕ ∗W ψ) = FW,α(ϕ)FW,α(ψ). (2.23)
v) Let ϕ, ψ ∈ L2α(Rd+1+ ). Then
‖ϕ ∗W ψ)‖α,2 = ‖FW,α(ϕ)FW,α(ψ)‖α,2, (2.24)
where both sides are finite or infinite.
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3. Heisenberg-Pauli-Weyl uncertainty principle
In this section we establish Heisenberg-Pauli-Weyl uncertainty principle for
the operator Tw,m,σ.
Theorem 3.1. Let m be a function in L2α(R
d+1
+ ) satisfying the admissibility
condition (1.3). Then, for ϕ ∈ L2α(Rd+1+ ), we have
‖ϕ‖α,2 ≤ 2‖|y|FW,α(ϕ)‖α,2
2α+ d+ 2
(∫
R
d+1
+
∫ ∞
0
|x|2|Tw,m,σϕ(x)|2α,2
dσ
σ
dµα(x)
) 1
2
.
(3.1)
Proof. Let ϕ ∈ L2α(Rd+1+ ). The inequality (3.1) holds if
‖|y|FW,α(ϕ)‖α,2 = +∞
or ∫
R
d+1
+
∫ ∞
0
|x|2|Tw,m,σϕ(x)|2α,2
dσ
σ
dµα(x) = +∞.
Let us now assume that
‖|y|FW,α(ϕ)‖α,2 +
∫
R
d+1
+
∫ ∞
0
|x|2|Tw,m,σϕ(x)|2α,2
dσ
σ
dµα(x) < +∞.
Inequality (1.2) leads to∫
R
d+1
+
|Tw,m,σϕ(x)|2α,2dµα(x)
<
(∫
R
d+1
+
|x|2|Tw,m,σϕ(x)|2α,2dµα(x)
) 1
2
×
(∫
R
d+1
+
|y|2|FW,α(Tw,m,σϕ(.))(y)|2α,2dµα(y)
) 1
2
.
Integrating with respect to dσ/σ, we get
‖Tw,m,σϕ)‖2α,2 <
∫ ∞
0
(∫
R
d+1
+
|x|2|Tw,m,σϕ(x)|2α,2dµα(x)
) 1
2
×
(∫
R
d+1
+
|y|2|FW,α(Tw,m,σϕ(.))(y)|2α,2dµα(y)
) 1
2
dσ
σ
.
From [14, Theorem 2.3] and Schwarz’s inequality, we obtain
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‖ϕ‖2α,2 <
(∫ ∞
0
∫
R
d+1
+
|x|2|Tw,m,σϕ(x)|2α,2dµα(x)
dσ
σ
) 1
2
×
(∫ ∞
0
∫
R
d+1
+
|y|2|FW,α(Tw,m,σϕ(.))(y)|2α,2dµα(y)
dσ
σ
) 1
2
.
From (1.1), Fubini-Tonnelli’s theorem and the admissibility condition (1.3),
we have
∫ ∞
0
∫
R
d+1
+
|y|2|FW,α(Tw,m,σϕ(.))(y)|2α,2dµα(y)
dσ
σ
=
∫ ∞
0
∫
R
d+1
+
|y|2|mσ(y)|2|FW,α(ϕ)(y)|2α,2dµα(y)
dσ
σ
=
∫
R
d+1
+
|y|2|FW,α(ϕ)(y)|2α,2dµα(y).
This gives the result and completes the proof of the theorem. 
Theorem 3.2. Let m be a function in L2α(R
d+1
+ ) satisfying the admissibility
condition (1.3) and β, δ ∈ [1,∞). Let ε ∈ R, such that βε = (1 − ε)δ then,
for ϕ ∈ L2α(Rd+1+ ), we have
‖ϕ‖α,2 ≤
(
2
2α+ d+ 2
)βε ∥∥|x|βTw,m,σϕ∥∥εα,2 ∥∥|y|δFW,α(ϕ)∥∥1−εα,2 . (3.2)
Proof. Let ϕ ∈ L2α(Rd+1+ ). The inequality (3.1) holds if∥∥|x|βTw,m,σϕ∥∥εα,2 = +∞ or ∥∥|y|δFW,α(ϕ)∥∥1−εα,2 = +∞.
Let us now assume that ϕ ∈ L2α(Rd+1+ ) with ϕ 6= 0 such that∥∥|x|βTw,m,σϕ∥∥εα,2 + ∥∥|y|δFW,α(ϕ)∥∥1−εα,2 < +∞,
therefore, for all δ > 1, we have
∥∥|x|βTw,m,σϕ∥∥ 1βα,2 ‖Tw,m,σϕ‖ 1β′α,2 =
∥∥∥|x|2|Tw,m,σϕ| 2β ∥∥∥ 12
α,β
∥∥∥|Tw,m,σϕ| 2β′ ∥∥∥ 12
α,β′
,
with β′ = ββ−1 .
Applying the Ho¨lder’s inequality, we get
‖|x|Tw,m,σϕ‖α,2 ≤
∥∥|x|βTw,m,σϕ∥∥ 1βα,2 ‖Tw,m,σϕ‖ 1β′α,2 .
According to [14, Theorem 2.3], we have for all β ≥ 1
‖|x|Tw,m,σϕ‖α,2 ≤
∥∥|x|βTw,m,σϕ∥∥ 1βα,2 ‖ϕ‖ 1β′α,2 , (3.3)
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with equality if β = 1. In the same manner, for all δ ≥ and using Plancherel
formula (2.14), we get
‖|y|FW,α(ϕ)‖α,2 ≤
∥∥|y|δFW,α(ϕ)∥∥ 1δα,2 ‖ϕ‖ 1δ′α,2 , (3.4)
with equality if δ = 1. By using the fact that βε = (1− ε)δ and according to
inequalities (3.3) and (3.4), we have
‖|x|Tw,m,σϕ‖α,2 ‖|y|FW,α(ϕ)‖α,2
‖ϕ‖
1
β′
+ 1
δ′
α,2


βδ
≤
∥∥|x|βTw,m,σϕ∥∥εα,2 ∥∥|y|δFW,α(ϕ)∥∥1−εα,2 ,
with equality if β = δ = 1. Next by Theorem 3.1, we obtain
‖ϕ‖α,2 ≤
(
2
2α+ d+ 2
)βε ∥∥|x|βTw,m,σϕ∥∥εα,2 ∥∥|y|δFW,α(ϕ)∥∥1−εα,2 ,
which completes the proof of the theorem. 
4. Donoho-Stark’s uncertainty principle
Definition 4.1. (i) Let Ω be a measurable subset of Rd+1+ , we say that the
function ϕ ∈ L2α(Rd+1+ ) is ǫ-concentrated on Ω, if
‖ϕ− χΩϕ‖α,2 ≤ ǫ‖ϕ‖α,2, (4.1)
where χΩ is the indicator function of the set Ω.
(ii) Let Σ be a measurable subset of (0,∞)×Rd+1+ and let ϕ ∈ L2α(Rd+1+ ).
We say that Tw,m,σϕ is ν-concentrated on Σ, if
‖Tw,m,σϕ− χΣTw,m,σϕ‖2,α ≤ ν‖Tw,m,σ‖2,α, (4.2)
where χΣ is the indicator function of the set Σ.
We need the following Lemma for the proof of Donoho-Stark’s uncer-
tainty principle.
Lemma 4.2. Let m,ϕ ∈ L1α(Rd+1+ ) ∩ L2α(Rd+1+ ). Then the operators Tw,m,σ
satisfy the following integral representation.
Tw,m,σ = 1
σ2α+d+2
∫
R
d+1
+
Ψα(x, y)ϕ(y)dµα(y), (σ, x) ∈ (0,∞)× Rd+1+ ,
where
Ψα(x, y) =
∫
R
d+1
+
mσ(z)Λ
d
α(λ, x)Λ
d
α(λ,−y)dµα(z).
Proof. The result follows from the definition of the Weinstein L2-Multiplier
operators (1.1) and the inversion formula of the Weinstein transform (2.12)
using Fubini-Tonnelli’s theorem. 
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Theorem 4.3. Let ϕ be a function in L2α(R
d+1
+ ) and m ∈ L1α(Rd+1+ )∩L2α(Rd+1+ )
satisfying the admissibility condition (1.3). If ϕ is ǫ-concentrated on Ω and
Tw,m,σϕ is ν-concentrated on Σ, then
‖m‖α,1 (µα(Ω))
1
2
(∫ ∫
Σ
1
σ2(2α+d+2)
dΘα(σ, x)
) 1
2
≥ 1− (ǫ + ν),
where Θα is the measure on (0,∞)×Rd+1+ given by dΘα(σ, x) := (dσ/σ)dαµ(x).
Proof. Let ϕ be a function in L2α(R
d+1
+ ). Assume that 0 < µα(Ω) <∞ and∫ ∫
Σ
1
σ2(2α+d+2)
dΘα(σ, x) <∞.
According to [14, Theorem 2.3] and inequalities (4.1)-(4.2), we get
‖Tw,m,σϕ− χΣTw,m,σ(χΩϕ)‖2,α ≤ ‖Tw,m,σϕ− χΣTw,m,σϕ‖2,α
+‖Tw,m,σϕ− χΣTw,m,σ(ϕ− χΩϕ)‖2,α
≤ ‖Tw,m,σϕ− χΣTw,m,σ(ϕ− χΩϕ)‖2,α
+ν‖Tw,m,σϕ‖2,α
≤ (ǫ+ ν)‖ϕ‖2,α.
By triangle inequality it follows that
‖Tw,m,σϕ‖2,α ≤ ‖Tw,m,σϕ− χΣTw,m,σ(χΩϕ)‖2,α + ‖χΣTw,m,σ(χΩϕ)‖2,α
≤ (ǫ + ν)‖ϕ‖2,α + ‖χΣTw,m,σ(χΩϕ)‖2,α. (4.3)
On the other hand, we have
‖χΣTw,m,σ(χΩϕ)‖2,α =
(∫ ∫
Σ
|Tw,m,σ(χΩϕ)(x)|2dΘα(σ, x)
) 1
2
and moreoverm,χΩϕ ∈ L1α(Rd+1+ )∩L2α(Rd+1+ ), then by Lemma 4.2, we obtain
|Tw,m,σ(χΩϕ)(x)| ≤ 1
σ2α+d+2
‖m‖1,α‖ϕ‖2,α(µα(Ω)) 12 .
Therefore, thus
‖χΣTw,m,σ(χΩϕ)‖2,α ≤ ‖m‖1,α‖ϕ‖2,α(µα(Ω)) 12
×
(∫ ∫
Σ
1
σ2(2α+d+2)
dΘα(σ, x)
) 1
2
.
Hence, according to last inequality and (4.3)
‖Tw,m,σ(ϕ)‖2,α ≤ ‖m‖1,α‖ϕ‖2,α(µα(Ω)) 12
×
(∫ ∫
Σ
1
σ2(2α+d+2)
dΘα(σ, x)
) 1
2
+ (ǫ+ ν)‖ϕ‖2,α.
Applying Plancherel formula [14, Theorem 2.3], we obtain
‖m‖α,1 (µα(Ω))
1
2
(∫ ∫
Σ
1
σ2(2α+d+2)
dΘα(σ, x)
) 1
2
≥ 1− (ǫ + ν),
L2-uncertainty principle for the Weinstein-multiplier operators 11
which completes the proof of the theorem. 
Corollary 4.4. If Σ = {(σ, x) ∈ (0,∞) × Rd+1+ : σ ≥ ̺} for some ̺ > 0, one
assumes that
ρ = max
{
1/σ : (σ, x) ∈ Σ for some x ∈ Rd+1+
}
.
Then by the previous Theorem, we deduce that
ρ2α+d+2‖m‖α,1 (µα(Ω))
1
2 (Θα(Σ))
1
2 ≥ 1− (ǫ + ν).
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